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For a plane curve C , we call a point P ∈ P2 a Galois point with
respect to C if the point projection from P induces a Galois
extension of function ﬁelds. We give an example of a singular plane
curve having inﬁnitely many inner and outer Galois points. We also
classify plane curves whose general points are inner Galois points.
Before our results, known examples in the theory of Galois points
have only ﬁnitely many Galois points, except trivial cases.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let the base ﬁeld K be an algebraically closed ﬁeld of characteristic p  0. A Galois point P ∈ P2 for
a plane curve C ⊂ P2 of degree d 3 is a point from which the point projection πP : C  P1 induces
a Galois extension K (P1) ⊂ K (C) of function ﬁelds. This notion was introduced by H. Yoshihara in
1996 (see [11,16] or survey paper [7]). We call the Galois point P ∈ P2 an inner (resp. outer) Galois
point for C if P ∈ C (resp. P /∈ C ). Galois points for a plane curve have been studied in characteristic
zero [2,11–13,16,17], and recently also in positive characteristic [3–5,10]. However, it is diﬃcult to
investigate Galois points in the case that C is singular, even if the characteristic is zero [2,12,13,17].
In particular, there are very few results on the distribution of Galois points for a singular curve in
positive characteristic.
In characteristic zero, Miura [13] proved that the number of inner Galois points on a singular
plane curve such that d − 1 is prime satisﬁes a certain inequality, especially which is ﬁnite (if d 4).
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The ﬁrst purpose of this paper is to give an example of a singular curve having inﬁnitely many inner
and outer Galois points in positive characteristic p: The curve deﬁned by X Zq−1 − Y q = 0, where q
is a power of p, is such an example. Our example implies that Miura’s and Yoshihara’s assertions do
not hold in positive characteristic.
The second purpose of this paper is to classify plane curves whose almost all points are inner
Galois points. We will prove the following:
Theorem 1. Let C ⊂ P2 be a plane curve of degree d  4 and let  be the set consisting of all inner Galois
points on C . Then, the following conditions are equivalent:
(i) p > 0, d is a power of p and C is projectively equivalent to a curve deﬁned by X Zd−1 − Yd = 0,
(ii) the set  is a non-empty Zariski open set of C .
2. Example
We denote by GR the Galois group induced from the projection πR at R ∈ P2 when R is a Galois
point. A plane curve C ⊂ P2 is said to be strange if there exists a point Q ∈ P2 such that the tangent
line at any smooth point passes through Q (see [1]). Then Q is called the strange center. Note that
the projection πQ : C  P1 from a point Q ∈ P2 is not separable for a plane curve C if and only if
C is strange and Q is the strange center.
Example 1. (See below for the proofs.) Let p > 0 be the characteristic, q = pe with q  3 and let
C ⊂ P2 be a plane curve given by X Zq−1 − Y q = 0. Let L be the line deﬁned by Z = 0. Then, we have
the followings:
(0) P = (1 : 0 : 0) ∈ C is a singular point and Q = (0 : 1 : 0) /∈ C is a strange center. The point projec-
tion πP from P (resp. πQ from Q ) is birational (resp. purely inseparable of degree q) onto the
projective line.
(1) All point R ∈ C \ {P } is an inner Galois point. The Galois group GR is a cyclic group of order q−1.
(2) All point R ∈ L \ {P , Q } is an outer Galois point. The Galois group GR is isomorphic to (Z/pZ)⊕e .
(3) Any point R ∈ P2 \ (C ∪ L) is not a Galois point.
We prove (1). Note that C ∩ L = {P }. Let R ∈ C \ L. We can write R = (a : b : 1) with a − bq = 0.
Then, πR = ( Xˆ : Yˆ ) where Xˆ = X − aZ and Yˆ = Y − bZ , and X Zq−1 − Y q = Xˆ Zq−1 − Yˆ q . We have
a ﬁeld extension K (z, y)/K (y) with zq−1 − yq = 0 by πR . This is obviously a Galois extension. More
precisely, which is a cyclic extension. Therefore, R is a Galois point.
We prove (2). Let R ∈ L. Since P = (1 : 0 : 0) is a singular point, we may assume that R = (a : 1 : 0).
Then, πR = ( Xˆ : Z) where Xˆ = X − aY and X Zq−1 − Y q = −Y q + aY Zq−1 + Xˆ Zq−1. We have a ﬁeld
extension K (y, x)/K (x) with yq − ay − x = 0 by πR . If a = 0 then this is a Galois extension and
the Galois group is isomorphic to (Z/pZ)⊕e . If a = 0 then this is a purely inseparable extension of
degree q.
We prove (3). Let R = (a : b : 1) ∈ P2 \ (C ∪ L). Now, the singular curve C is the image of the mor-
phism π : P1 → P2; (s : t) 
→ (sq : stq−1 : tq). Here, π : P1 → C is birational, hence a desingularization.
We have πR ◦π(s : t) = (sq−atq : stq−1−btq), πR(P ) = (1 : 0) and (πR ◦π)−1(πR(P )) = {(b : 1), (1 : 0)}.
We ﬁnd easily that the ramiﬁcation index of πR ◦ π at (1 : 0) is q − 1. If we assume that R is a Ga-
lois point, then πR ◦ π is a Galois covering of degree q. It is known that any ramiﬁcation index of
a Galois covering between smooth curves divides the degree of the ﬁeld extension (see, for example,
[14, III.7.2]), hence this is a contradiction.
Remark 1. Example 1 is a famous example as a strange curve. However, in the authors’ best knowl-
edge, the distribution of Galois points for the curves had never been investigated. Strange curves
appear only in positive characteristic. See [1] for the geometry of strange curves.
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In this section, we prove Theorem 1. We recall some notions. Let C ⊂ P2 be a plane curve of degree
d  4. For a smooth point R ∈ C , we denote by TRC the tangent line at R . There exists an integer q
such that the intersection multiplicity I R(C, TRC)  q for all smooth point R ∈ C and the equality
holds for a general point [8,9,15]. We call the number q the generic order of contact for C . We say
that C is non-reﬂexive if the dual map γ of C onto its dual has inseparable degree q′ > 1 [8]. If C is
non-reﬂexive, then it is also known that q′ = q, hence q is a power of p.
Let π : Cˆ → C be a desingularization. For a point R ∈ P2, we write the projection from R by πR and
the composite πR ◦ π by πˆR . We denote the set consisting of all inner Galois points on C by  and
the line joining two points P and Q by P Q . For basic properties of Galois covering, see [14, III. 7.2].
We often use the fact that the ramiﬁcation indices at any two points contained in a common ﬁber,
are the same for a Galois covering.
We ﬁrst note the following.
Proposition 1. Let C ⊂ P2 be a plane curve of degree d 4. We assume that the set  is a non-empty Zariski
open set of C . Then, the generic order q of contact for C is strictly greater than 2.
Proof. First, we prove that the dual map γ is purely inseparable onto its dual. We assume that γ has
separable degree s  2. Then, for a general point R ∈ C , there exists R ′ ∈ C such that γ (R) = γ (R ′),
hence TRC = TR ′C . We may assume that I R(C, TRC) = I R ′(C, TR ′C) = q and R ∈ . Then, the ramiﬁ-
cation indices of πˆR are q − 1 at R and q at R ′ , this is a contradiction to that R is a Galois point.
We assume that the generic order q for C is equal to 2. Let T be the set consisting of lines
satisfying one of the following: tangent lines have two or more contact points; tangent lines have
a contact with multiplicity > 2; tangent lines passing through a singular point.
If C is not strange (see Section 2 for deﬁnition), then T is a ﬁnite set. The set C \ S with S =⋃L∈T L
is a non-empty Zariski open set. For a general point R ∈ , there are points R1, R2 such that TR1C
passes through R and R2 but is not tangent to R nor R2. Therefore, πˆR at R is ramiﬁed at R1 and
unramiﬁed at R2. This is a contradiction to that R is a Galois point.
We may assume that C is strange with a center Q , then the tangent line TRC = RQ at a general
point R does not meet a smooth point different from R and Q , because the dual map is purely in-
separable. From Bézout’s theorem, a general tangent line meets the singular locus of C . Therefore, we
have a strange center Q ′ ∈ SingC . It follows from the uniqueness of the strange center that Q = Q ′ .
We note that all singular point of C has the multiplicity < d− 1. Then πˆR at a general Galois point R
is unramiﬁed at any point. In fact, πˆR is unramiﬁed at any smooth point by the strangeness. Also at Q
because the ramiﬁcation index at R is q− 1 = 1, and at (any point of the ﬁber of π on) each singular
point Q ′ = Q because the line RQ ′ intersects C at another smooth point. This is a contradiction to
Riemann–Hurwitz formula. 
Proof of Theorem 1. We prove (ii) ⇒ (i). From Proposition 1, the generic order q > 2 and hence the
characteristic p is positive. As in the proof of Proposition 1, the dual map γ is purely inseparable
onto its dual. For a general point R , the morphism πˆR is ramiﬁed of index q − 1 at R . We assume
R ∈ . Then, a smooth point in C ∩ TRC is a ramiﬁcation point of πˆR , because R is a Galois point.
Since the dual map is purely inseparable, (C ∩ TRC) \ {R} ⊂ SingC (for a general point R ∈ C ). If
(C ∩ TRC) \ {R} = ∅ for a general point R , then there exists a strange center Q ∈ SingC which has the
multiplicity d − q. If (C ∩ TRC) \ {R} = ∅, then we have d = q.
We consider the case that there exists a strange center Q ∈ SingC which has the multiplicity
d − q. Then, the projection πQ from Q is purely inseparable onto the projective line, since πQ can
be identiﬁed with the dual map γ . This implies that C is rational. Let R be a general Galois point.
The morphism πˆR is unramiﬁed at any other smooth point (by the strangeness) and at (any point
of the ﬁber of π on) each singular point Q ′ not Q , because the line RQ ′ intersects C at another
smooth point. Therefore, for a general Galois point R , the ramiﬁcation locus of πˆR is equal to the ﬁber
(πˆR)
−1(πR(Q )). This implies that πˆR has only tame ramiﬁcation. From Riemann–Hurwitz formula, we
have an equality −2 = (d − 1)(−2) + (q − 2)(d − 1)/(q − 1). This gives a contradiction.
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implies that the morphism πˆR , for any smooth point R ∈ C , is unramiﬁed at any smooth point R ′ = R
on C . We prove that there exists a singular point P such that RP ∩ C = {R, P }. If this is proven,
then we ﬁnd that the projection πP is birational (since C does not have a strange center on C ). We
assume that the projection for any singular point P has separable degree s > 1. Then, for a general
point R ∈ C and each singular point P , RP ∩C contains another smooth point R ′ ∈ C . This implies that
πˆR is unramiﬁed at each point in the ﬁber π−1(P ), because πˆR is a Galois covering and is unramiﬁed
at R ′ . Therefore, πˆR is ramiﬁed only at R . We note that πˆR is ramiﬁed of index q − 1 at R , which is
tamely. From Riemann–Hurwitz formula, this is a contradiction.
Finally, we prove that C is projectively equivalent to a curve deﬁned by X Zq−1−Y q = 0 in the case
that d = q. By virtue of a result of Homma [1, (3.4)], [9, Theorem 3.4], C is projectively equivalent to
a curve deﬁned by G(X, Z)− Y q = 0 where G is a homogeneous polynomial of degree q if d = q. Now
C has a singular point with multiplicity q − 1. Hence we have the form X Zq−1 − Y q = 0. 
Remark 2.
(1) Let  be the set of all smooth points R of C such that the ramiﬁcation indices of πˆR at any two
points contained in a common ﬁber, are the same. We consider the relation between (i), (ii) in
Theorem 1 and the following condition:
(iii) The set  is a non-empty Zariski open set of C .
The statement (ii) ⇒ (iii) is true from a property of Galois covering. Our proof of (ii) ⇒ (i) in
Theorem 1 coincides with the proof of (iii) ⇒ (i).
(2) Theorem 1 also holds for a weaker condition (ii)’:  is an inﬁnite set, by easy modiﬁcation of the
proof.
(3) After this paper was submitted, the ﬁrst author classiﬁed plane curves having inﬁnitely many
“outer” Galois points [6].
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